Recent development of information and communication technologies (ICT) has enabled vehicles to timely communicate with others through wireless technologies, which will form future (intelligent) traffic systems (ITS) consisting of so-called connected vehicles. Cooperative driving with the connected vehicles is regarded as a promising driving pattern to significantly improve transportation efficiency and traffic safety. Such cooperative driving has motivated many studies to model the dynamics of traffic flow under multi anticipative driving strategy (i.e. drivers react to many leading vehicles) or bidirectional strategy (i.e. drivers react to both (single) leading and following vehicles). In the vast literature of traffic flow theory, there are continuum models considering multiple forward anticipative strategy, where the driver reacts to many leaders. To the best of our knowledge, few study effort has been undertaken to include bidirectional driving strategy, where the driver reacts to both direct leader and direct follower, in the continuum traffic flow models. Moreover, the current bidirectional continuum traffic flow model still suffers some drawbacks: considers the behaviour of only a single leading vehicle in the forward looking strategy and neglects the impact of the forward space headway (e.g. the distance between two consecutive vehicles) sensitivity parameter on the (linear) stability of the model. This paper aims to derive a continuum traffic model considering both multiple forward and backward driving strategy. It is shown that the derived model is a generalized version of a current continuum model for ITS and can improve important properties of such bidirectional (continuum) model.
Introduction
Traffic flow modelling has been well developed since 1950s, when Lighthill and Whitham (1955) and Richards (1956) independently proposed a very simple model to describe the dynamics of traffic flow along the road, and it now still attracts a lot of interests from researchers. In principle, traffic flow modelling can be categorized into three types: microscopic models, mesoscopic models and macroscopic models. The microscopic approach describes traffic flow at a high level of detail such as the movement of individual vehicles (Chadler, Herman, and Montroll 1958; Helly 1959; Bando et al. 1995 Bando et al. , 1998 Treiber, Hennecke, and Helbing 2000; Jiang, Wu, and Zhu 2001; Helbing 2007, 2010; Laval, Toth, and Zhou 2014) , whereas the macroscopic approach represents traffic flow at a low level of detail via aggregate traffic variables such as flow, mean speed and density (Treiber, Hennecke, and Helbing 1999; Katiyar 2005, 2006a; Zhang and Wong 2006; Boel and Mihaylova 2006; Laval and Leclercq 2010; Zhang, Wong, and Dai 2011; Helbing et al. 2001; Ngoduy 2012a; Bogdanova et al. 2015) . The mesoscopic approach, on the other hand, describes traffic flow at a level of detail between microscopic and macroscopic approach through probabilistic terms. An example of mesoscopic models is the gas-kinetic model which is used to derive the macroscopic models based on the method of moments (Helbing 1997; Hoogendoorn 1999; Ngoduy, Hoogendoorn, and van Zuylen 2006; Ngoduy 2008) .
In recent years, the development of information and communication technologies (ICT) has enabled vehicles to timely communicate with each other and exchange important information such as the current acceleration or the current speed. These connected vehicles with some common interests can cooperatively drive on road, which may significantly improve the traffic safety and efficiency (van Arem, Van Driel, and Visser 2006; Kesting, Treiber, and Helbing 2010; Arnaout and Bowling 2011; Ngoduy 2012b Ngoduy , 2013a . To account for such changes in the driving strategy, a lot of research has been undertaken to understand how including the information of neighbouring vehicles (both followers and leaders) affects the dynamics of traffic flow. For example, many car-following models have been developed to account for the multiple anticipative driving strategy where the considered vehicle can react to the behaviour of many leading vehicles (Lenz, Wagner, and Sollacher 1999; Ge, Dai, and Dong 2006a; Treiber, Kesting, and Helbing 2006; Schreuder 2006, 2007; Kesting and Treiber 2008; Kesting, Treiber, and Helbing 2010) . Such multi anticipative driving strategy generally leads to a better traffic operation such as enhanced capacity and more stable traffic flow with respect to perturbations caused by, for example, sudden deceleration or lane-changes of vehicles (Treiber, Kesting, and Helbing 2006; Kesting, Treiber, and Helbing 2010; Sau et al. 2014; Monteil et al. 2014; Ngoduy 2013b; Ngoduy and Wilson 2014; Ngoduy 2015) . A few other research has been conducted to investigate how the information from the following vehicles affects the dynamics of traffic flow (Nakayama, Sugiyama, and Hasebe 2001; Hasebe, Nakayama, and Sugiyama 2003; Ge, Zhu, and Dai 2006b; Sun, Liao, and Peng 2011; Yang et al. 2013; Zheng, Zhong, and Ma 2013; Jin et al. 2014) . The effect of the information from the following vehicles on traffic flow dynamics has also been introduced via the honk effect (Zheng, Ma, and Zhong 2011) . It has been concluded that a better driving strategy is a balance of indicators describing what is happening behind as well as what you can expect in front (stimulus).
In general, there has been impressive advances in modelling the effect of ICT on traffic dynamics using the microscopic approach (i.e. via car-following models), but very limited has been done to develop the macroscopic (or continuum) model for such intelligent traffic systems. To the best of our knowledge, only a few continuum (macroscopic) models have been developed to consider either multiple forward looking strategy (Wilson et al. 2004; Ngoduy and Wilson 2014) or both single forward looking and backward looking driving strategy (Zheng, Jin, and Huang 2015) . It is worth noticing that while the multi anticipative model of Ngoduy and Wilson (2014) is nonlocal (i.e. the vehicles interact with the leader(s) at an advanced distance), the bidirectional model of Zheng, Jin, and Huang (2015) is local but may still reserve the anisotropic property (i.e. the characteristic speeds are always smaller than the average speed of the traffic flow) subject to some conditions, which will be elaborated in the ensuing paper. Note that the anisotropy issue in traffic flow has been well reported in literature (Gupta and Katiyar 2006b; Helbing and Johansson 2009) . As shown in our paper, the model of Zheng, Jin, and Huang (2015) only consider one leader and one follower in the driving strategy and its derivation is not exact because of the neglected gradient terms in the expansion, therefore, this model does not include the (forward) headway sensitivity parameter in the linear stability condition if some practical conditions hold. To contribute to the state-of-the-art, this paper puts forward a new continuum model which includes both backward looking and multiple forward looking in the driving strategy. We will show that the proposed model, on the one hand, will improve some important properties of the model of Zheng, Jin, and Huang (2015) , and on the other hand, will include the (forward) headway sensitivity parameter in the linear stability condition. The proposed model is more generic than the model of Zheng, Jin, and Huang (2015) to study the effect of ICT on traffic flow dynamics at the macroscopic level (where the information of many neighbouring vehicles contributes to the driving strategy of the driver). In a similar line of Zheng, Jin, and Huang (2015) , we first modify the microscopic model of Helly (1959) to include the information of a single follower and multiple leaders in the driving strategy. Then we apply the gradient expansion method to derive a new multi anticipative bidirectional continuum model in which the corrected expansion terms of the space headway are used.
The paper is organized as follows. Section 2 presents a car-following model extended to capture multiple forward looking and (single) backward looking strategy. Section 3 derives a multi anticipative bidirectional macroscopic model from the car-following presented in Section 2. In Section 4, we will present some important properties of the new model and compare them against the current bidirectional macroscopic model of Zheng, Jin, and Huang (2015) . Section 5 illustrates our model performance via numerical studies. Finally, we conclude the paper in Section 6 .
Notation
For convenience, the notation in Table below will be used throughout this paper.
Relative speed of vehicle n and its leader n − 1 (m/s) ∆v n .
Space headway between vehicle n and its leader n − 1 (m)
Mean speed at location x and time t (m/s) r(x, t) Density at location x and time t (vehicle/m) Model parameters i the driving strategy index (i = 1, 2) m the m th leading vehicle of vehicle n (m = 1, 2, ..., M ) α i
Headway sensitivity parameter for driving strategy i (1/s 2 ) β i
Relative speed sensitivity parameter for driving strategy i (1/s)
Weight factors with for the gaps and relative speeds of vehicle n w.r.t. its m th leader
Density dependent equilibrium speed (m/s)
Multi-anticipative bidirectional microscopic models
Microscopic traffic flow models describe the motion of individual vehicle n in relation to its leading vehicle n − 1. A generalized microscopic model describing the acceleration of vehicle n considering both leading and following vehicles reads:
where
. =ṡ n . In this model, the nonlinear function f can be specifically defined for different models in literature, such as the Intelligent Driver Model (IDM) of Treiber, Kesting, and Helbing (2006) , Optimal Velocity Model (OVM) of Bando et al. (1995) or Full Velocity Difference Model (FVDM) of Jiang, Wu, and Zhu (2001) , the model of Helly (1959) .
In literature, the backward looking effect has been considered using the OVM or FVDM (Nakayama, Sugiyama, and Hasebe 2001; Ge, Zhu, and Dai 2006b; Sun, Liao, and Peng 2011; Yang et al. 2013) . Based on the bidirectional looking framework of Jin et al. (2014) which considered the acceleration to consist of two tasks: backward looking and forward looking strategy, Zheng, Jin, and Huang (2015) proposed a bidirectional microscopic model using the Helly car-following model (Helly 1959) :
where S i (.) denotes the optimal speed dependent function for forward looking (i = 1) and backward looking (i = 2), γ i is weight factor for forward looking (i = 1) and backward looking (i = 2),
, and γ 2 < γ 1 so that the forward-looking driving is more attended.
Nevertheless, the bidirectional model presented in equation (2) does not consider how drivers react to many vehicles ahead (e.g. multiple anticipative driving strategy). Such multiple (forward) anticipations are important in both human driven cars (Lenz, Wagner, and Sollacher 1999; Treiber, Kesting, and Helbing 2006; Hoogendoorn, Ossen, and Schreuder 2006) or cooperative cruise control (van Arem, Van Driel, and Visser 2006; Arnaout and Bowling 2011; Ngoduy 2013b ). This paper concerns the extension of the model of Zheng, Jin, and Huang (2015) to capture such multiple (forward) anticipations.
To follow the model in Ngoduy (2015) , equation (2) is extended to capture the bidirectional driving strategy considering multiple (forward) anticipations as below:
• Forward looking:
where M denotes the number of leaders which can affect the behaviour of the considered vehicle n. So basically, in the forward looking strategy, the driver of vehicle n will consider the weighted average behaviour of his M leading vehicles. a m and b m (m ∈ M ) represent, respectively, the weight factors for the gaps and relative speeds which generally satisfy
Basically, M is related to the traffic conditions as well as the layout of the road. Recent empirical study by Hoogendoorn, Ossen, and Schreuder (2006) based on data collected at a small freeway section in the Netherlands has indicated that M = 3 is a reasonable value. However, this is just an indication for a certain freeway section during a certain period of congested traffic. We think there should be more extensive data to be studied in order to get a good conclusion.
• Backward looking:
To combine the multi anticipative forward looking and backward looking strategy, the Helly-type multi anticipative bidirectional model reads:
Based on equation (5), we will derive a corresponding multi anticipative bidirectional macroscopic model, which is a generalized model of Zheng, Jin, and Huang (2015) . We will show how the multi (forward) anticipations affect the properties of the new model such as the anisotropic and linear stability condition.
Multi anticipative bidirectional continuum model
We adopt a gradient expansion technique to derive our multi anticipative bidirectional macroscopic model. First, the macroscopic model variables are obtained from the microscopic models by the following linear transformation:
where R e i (.) denotes the equilibrium speed dependent density with respect to the forward looking (i = 1) or backward looking (i = 2) strategy. Note that Zheng, Jin, and Huang (2015) have neglected the gradient terms in the expansion of the space headway in equation (6), which consequently led to complete different properties of the resulting macroscopic equations as shown in the ensuing paper.
Applying a first order Taylor expansion for the following quantities:
leads to the following multiple anticipative bidirectional model:
∂V ∂x which can be rewritten as:
It is obvious that if M = 1 and c = 0 we will obtain the model of Zheng, Jin, and Huang (2015) . It is straightforward to test our model with different combinations of equilibrium speeds for forward (i.e. R e 1 (V )) and backward (i.e. R e 2 (V )) looking as in Zheng, Jin, and Huang (2015) . However, for the sake of simplicity, this paper uses the same equilibrium relations for both forward and backward looking, for example:
which can be rewritten as:
where W = 2V V0 − tanh θ, the free speed V 0 = 30m/s, critical headway s 0 = 40m, average vehicle length l = 4m, constant parameter θ = 1.5.
Model properties
This section is devoted to study the differences between our model and the model of Zheng, Jin, and Huang (2015) , that is how the multiple forward looking affects some important model properties.
Characteristic speeds
Equation (9) is combined the conservation law equation:
to form a system of strictly hyperbolic partial differential equations:
It has been well known that the model equation (15) is strictly hyperbolic with two distinct eigenvalues corresponding to two separate characteristic speeds:λ 1 = V + 0.5 c 2 0 + 4rc − c 0 and λ 2 = V − 0.5 c 2 0 + 4rc + c 0 . Therefore, the model is said to be strictly anisotropic if λ 1 ≤ V which leads to c 0 ≥ 0 and c ≤ 0. That is, in addition to the anisotropic condition in Zheng, Jin, and Huang (2015) , i.e. c 0 ≥ 0, our model needs an extra condition: c ≤ 0, which can be written as: γ 1 α 1 ≤ γ 2 α 2 . As the driver is practically assumed to pay more attention to the leading vehicle(s) than the following one (i.e. γ 1 ≥ γ 2 ), the condition c ≤ 0 leads to:
The condition c 0 ≥ 0 can be written as below:
and
(18) where
Coupling condition (18) with condition (16) results in:
If we neglect the contribution of the density gradient term in the space headway expansion (which is not exact), condition (19) is reduced to the model of Zheng, Jin, and Huang (2015) if M = 1.
Linear stability conditions
The linear stability method considers how small perturbations around the homogeneous and stationary solutions influence the stability of traffic flow. Nevertheless, we are aware that the conditions that are stable according to this linear analysis might actually still show nonlinear or short-wave lengths instabilities. However, in general the linear analysis gives sound insights in the general behaviour of the model used. We are also aware that investigation of nonlinear and short-wavelength instabilities will be important to explain complex transitions of congested traffic states. Such nonlinear analysis will be left in our future work.
At microscopic level (i.e. for car-following models), the homogeneous and stationary solutions are [v e , s e , 0] where v e = V (s e ) is the speed at the stationary solution. To follow the derivation in Ngoduy (2015) for the anticipative bidirectional Helly-type model, we can obtain the general (linear) stability condition below
dv > 0. This stability condition reduces to: • If γ 2 = 0 (i.e. forward looking driving strategy only):
It is clear that both headway sensitivity and relative speed sensitivity parameters affect the linear stability condition of the bidirectional Helly-type model. At macroscopic level, the homogeneous and stationary solutions are [r e , V e ], where V e = V e (r e ), V e (r e ) is the speed at the stationary solution. The linear stability condition of the bidirectional continuum model in Zheng, Jin, and Huang (2015) reads:
Note that the linear stability condition (23) completely neglects the contribution of the density gradient term and only considers one vehicle in the forward-looking strategy. Generally speaking, both the headway sensitivity parameters (i.e. α 1 , α 2 ) and the relative speed sensitivity parameters (i.e. β 1 , β 2 ) contribute to the linear stability condition of the bidirectional continuum traffic model. Since R e i,V ≤ 0, increased γ 2 leads to the reduced left hand side of equation (23), which intuitively results in the destabilized traffic flow. The above linear stability condition reduces to the following conditions:
• If γ 2 = 0 (i.e. forward looking driving strategy only):
In either case, the forward headway sensitivity parameter (i.e. α 1 ) does not contribute to the linear stability condition. This property makes the continuum model of Zheng, Jin, and Huang (2015) inconsistent with the car-following model, from which it is derived (i.e. the Helly-type model). We will show in the ensuing section that such headway sensitivity parameter does play an important role in the linear stability condition of the newly derived continuum model. Let's rewrite our model in the following general form:
and perform the linear analysis as detailed in Treiber and Kesting (2013) we obtain the following linear stability condition:
From our model, we can derive the stability condition as follows:
It is straightforward to show that if M = 1 and c = 0, we obtain the linear stability condition of the model of Zheng, Jin, and Huang (2015) . For the sake of simplicity, we assume that R e 1 (V ) = R e 2 (V ) = R(V ), the linear stability of our model reads:
It can be seen that if γ 2 = 0, our model does include the impact of α 1 on the linear stability condition via the contribution of the multi anticipation term γ 1 α 1 M m=1 a m (m− 1) and the density gradient term γ1α1 2 . As R V ≤ 0, γ 2 contributes positively to the left hand side of equation (28) which consequently destabilizes traffic flow, which is in contradiction to the findings in literature (Nakayama, Sugiyama, and Hasebe 2001; Ge, Zhu, and Dai 2006b; Sun, Liao, and Peng 2011; Yang et al. 2013) , where it was found that backward looking strategy improves the linear stability condition. These results will be illustrated numerically in Section 5 for different sets of model parameters.
Numerical studies

Numerical solution
The time and space are divided into time step ∆t and cell length ∆x so that ∆x ≥ ∆tV 0 . To follow Zheng, Jin, and Huang (2015) , we adopt the numerical method below for every cell i and time instant k:
(1) Density update (29) (2) Speed update
where RHS denotes the right hand side of equation (9). We will investigate how the proposed model replicates the well-known traffic instabilities triggered by a small perturbation. Hence, we will adopt the periodic boundary condition with the following initial conditions: Table 1 , which lead to different stable regimes for different model parameters. According to equation (28), traffic becomes stable if the stability function is smaller than zero and unstable otherwise. The initial speed is to follow an equilibrium relationship: V (x, 0) = V e (r(x, 0)) defined above. The dynamics of traffic flow reproduced by our model for such initial and boundary conditions are shown in Figure 1 .
Traffic instabilities
Model parameters
It can be seen from Figure 1 that, for both models, increasing reaction to the following vehicle (more attention to the backward looking) will destabilize traffic flow with respect to the initial perturbation, triggering stop-and-go waves. Figure 1 also confirms that multi anticipative driving strategy stabilizes traffic flow. Figure 1 and Table 1 support numerically the linear stability results above. Figure 2 describes that increased backward looking strategy amplifies the magnitude of the density oscillation while multi anticipative strategy reduces such magnitude. Therefore, it is concluded that backward looking contributes negatively to the stability of traffic flow.
Shock-wave propagation patterns
In this section, we will exhibit our model performance with respect to the shock-wave propagation. The proposed model is simulated using the open boundary condition with 
Figure 3 shows that increased backward looking level will reduce the shock-wave speed. At a low level of backward looking, the front shock is still moving upstream from the bottleneck location (x = 10000m), indicating that the congestion affects traffic upstream of the bottleneck, as seen in Figures 3(a)-3(b) . That is traffic dynamics are affected by the downstream condition. However, at a higher level of backward looking, the front shock is standstill at the bottleneck location (i.e. Figure 3(c) ) indicating that the congestion affects traffic downstream of the bottleneck: pushing effect from the upstream vehicles. Such pushing effect can be seen clearly in Figure 3(d) where the location of the front shock is moving downstream with increased level of backward attention.
Concluding remarks
This paper has proposed a macroscopic traffic model which can capture both the backward looking and multiple forward looking strategy. Such proposed driving strategy can be realized through cooperative driving strategy of connected vehicles in our future traffic systems. Our proposed model has been derived from the same car-following model, namely the model of Helly (1959) , as in Zheng, Jin, and Huang (2015) using the gradient expansion method. We have shown that the proposed model is a generalized version of the model of Zheng, Jin, and Huang (2015) , which is more consistent with the original car-following model by, on the one hand, correcting the space headway expansion via the inclusion of the density gradient term, and on the other hand, considering the forward multi-anticipative driving strategy. Numerical examples with both periodic and open boundary conditions have supported our analytical findings, indicating that while the multiple looking ahead strategy improves traffic flow, the backward looking strategy has negative impact on traffic flow: it destabilizes traffic flow with respect to small perturbations.
